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Abstract
The hypercentral CQM, which is inspired by Lattice QCD calculations
for quark-antiquark potentials, is presented, stressing its underlying sym-
metry. Its results for the spectrum, the helicity amplitudes and the elastic
form factors are briefly reported. In the latter case the model has allowed
to show, for the first time in the framework of a quark model, that rel-
ativistic effects are responsible for a deviation from the usually accepted
dipole behaviour, in agreement with recent data taken at the Jefferson
Lab.
1 Constituent Quark Models
Looking at the baryon spectrum, one notices that the best known resonances
(4* and 3*, according to the PDG classification) can be neatly arranged in
SU(6)-multiplets, containing states only partially degenerate. This means that
any CQM must provide a good description of the average values of the energies,
by means of a SU(6)-independent interaction, that is spin-flavour independent,
to which a SU(6)-breaking term is added, in order to reproduce the splittings
within the various multiplets.
The various CQMs differ in the treatment of both the SU(6)-invariant and
the SU(6)-breaking interaction.
In order to construct the SU(6)-configurations it is sufficient to determine
the space part of the wave function, since the spin-flavour parts are standard.
The relative motion of the three quarks is described by the Jacobi coordinates
~ρ =
1√
2
(~r1 − ~r2) , ~λ = 1√
6
(~r1 + ~r2 − 2~r3) . (1)
and therefore here are six space degrees of freedom. This is the starting point
of the algebraic approach [1], which introduces u(7) as the spectrum generating
algebra and the totally symmetric representation of u(7) as the corresponding
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space of the three-quark states. Moreover, the u(7)-algebra admits at least the
following two subalgebra chains:
U(6) (I)
↗ ↘
U(7) SO(6) ,
↘ ↗
SO(7) (II)
(2)
The first chain corresponds to a spherical oscillator (h.o.) in six dimensions,
while the second chain to a SO(7) dynamical symmetry, as for the hyper-
Coulomb potential (hC).
In the u(7) model developed by Iachello, Bijker and Leviatan [1], the baryon
mass operator is written in terms of the normal vibrations of a Y-shaped sym-
metric top, to which a rotation band is superimposed:
M2vibr = N [k1nu + k2(nv + nw)]N + αL+M
2
0 (3)
where nu, nv and nw are the vibration quantum numbers. To the operator of
Eq.(3) a Gu¨rsey-Radicati term is added:
M2sf = a[C2(SUsf (6))− 45] + b[C2(SUf (3))− 9] + c[C2(SUs(2))−
3
4
] (4)
where the quantities C2 are the quadratic Casimir operators of the groups in-
dicated within parentheses. The term in Eq.4 is SU(6) violating, since it intro-
duces a dependence of the energy on the spin and isospin, but it does not mix
the SU(6)-configurations. The u(7) model leads to a good description of the
spectrum and of other baryon properties.
In order to follow one of the two chains of Eq. (2), one has to introduce an
explicit quark interaction. To this end it is convenient to substitute the Jacobi
coordinates with the hyperspherical ones, which keep the four angles Ωρ and
Ωλ, but replace ρ and λ with the hyperradius x and the hyperangle ξ
x =
√
~ρ2 + ~λ2 , ξ = arctg(
ρ
λ
). (5)
Using these coordinates, the kinetic term in the three-body Schro¨dinger equation
can be rewritten as [2]
− 1
2m
(∆ρ + ∆λ) = − 1
2m
(
∂2
∂x2
+
5
x
∂
∂x
− L
2(Ωρ,Ωλ, ξ)
x2
) . (6)
where L2(Ωρ,Ωλ, ξ) is the quadratic Casimir operator of O(6); its eigenfunc-
tions are the well known hyperspherical harmonics [2] Y[γ]lρlλ(Ωρ,Ωλ, ξ) having
eigenvalues γ(γ + 4), with γ = 2n+ lρ + lλ (n is a non negative integer).
In the hypercentral Constituent Quark Model (hCQM) [3], the quark inter-
action is assumed to depend on the hyperradius x only V = V3q(x). The hy-
perradius x depend on the coordinates of all the three quarks and then V3q(x)
2
is a three-body interaction. Actually, three-body mechanisms are generated by
the fundamental multi-gluon vertices predicted by QCD. On the other hand,
flux tube models lead to Y-shaped three-quark interactions. Furthermore, a
two body potential, treated in the hypercentral approximation [4], leads to a
x-dependent potential, since averaging
∑
i<j (rij)
n over angles and hyperangle
one gets something proportional to xn.
For a hypercentral potential the hyperradial wave function, ψγ(x) is factored
out and is a solution of the hypercentral equation
[
d2
dx2
+
5
x
d
dx
− γ(γ + 4)
x2
] ψγ(x) = − 2m [E − V3q(x)] ψγ(x) . (7)
The Eq. (7) can be solved analytically in two cases. The first is the six-
dimensional harmonic oscillator (h.o.)∑
i<j
1
2
k (~ri − ~rj)2 = 3
2
k x2 = Vh.o(x) (8)
and the second one is the hyperCoulomb (hC) potential
Vhyc(x) = −τ
x
. (9)
It is interesting to observe that the energy levels of the potential (9) can be
obtained generalizing the procedure used in the case of the three-dimensional
Coulomb problem [5]. In n dimensions the symmetry group is O(n), with the
degeneracy group O(n+1), implying the existence of a conserved n-dimensional
Runge-Lenz vector. The energy levels can then be written in terms of the
eigenvalues of the quadratic Casimir operator
Eνγ = − mτ
2
2(C2(O(n+ 1)) + (
n−1
2 )
2)
(10)
Comparing the first radially excited state (with ν = 1 and γ = 0) and the first
negative states (with ν = 1 and γ = 1) in the two potentials, one sees that they
are perfectly degenerate in the hC potential while in the h.o. case the negative
state is much lower. Since the observed first radially excited nucleon state (the
Roper) is slightly lower than the negative parity resonances, the hC potential
seems to be a better starting point for studying the baryon spectrum. Further-
more, the h.o. levels are too degenerate in comparison with the experimental
spectrum.
We shall consider in particular three CQMs:
A) The Isgur-Karl model [6]:
V3q = Vh.o(x) + U +Hhyp, (11)
where the strong degeneracy of the h.o. levels is modified by means of the shift-
ing two-body potential U and the splitting within the mujltiplets is produced
by the spin dependent hyperfine interaction Hhyp.
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B) The analytical hypercentral model [7, 8]
V3q = − τ
x
+ βx+Ae−αx
∑
i<j
~σi~σj + tensorint, (12)
the linear confinement is treated as a perturbation and therefore the problem
can be solved analytically. The perturbation treatment is justified for the lower
levels.
C) The hypercentral Constituent Quark Model [3]
V3q = − τ
x
+ αx+Hhyp (13)
because of the confinement term the hyperradial equation (7) has to be solved
numerically. The form of the hCQM Eq. (13) is supported by recent Lattice
QCD calculations [9], which results in a quark-antiquark potential containing a
coulomb-like term plus a linear confinement. Model C) contains only three free
parameters which can be fitted in order to reproduce the experimental spectrum
[3]. An improved version of the model includes also isospin dependent terms
[10], leading to a very good agreement with the experimental levels, including
the correct order and position of the Roper and the negative parity resonances.
2 The electromagnetic excitation of baryon res-
onances
The spectrum is well reproduced by many CQMs, therefore in order to dis-
tinguish among them it is necessary to consider other physical quantities of
interest, such as the photocouplings, the helicity amplitudes, the strong decays
and the nucleon elastic form factors.
The helicity amplitudes are defined as
AM (Q
2) = 〈B, J ′, J ′z = M |Htem|N, J =
1
2
, Jz = M−1〉 M = 1
2
,
3
2
(14)
The transverse transition operator is assumed to be
Htem = −
3∑
i=1
[
ej
2mj
(~pj · ~Aj + ~Aj · ~pj) + 2µj ~sj · (~∇× ~Aj)
]
, (15)
where spin-orbit and higher order corrections are neglected [11, 12, 13]. In Eq.
(15) mj , ej , ~sj , ~pj and µj =
gej
2mj
denote the mass, the electric charge, the
spin, the momentum and the magnetic moment of the j-th quark, respectively,
and ~Aj = ~Aj(~rj) is the photon field.
In the case of models B) and C), the parameters fitted to the spectrum are
used and therefore the helicity amplitudes are given by parameter-free calcula-
tions, while in model A) the h.o. constant 1α ' 0.5fm is adjusted in order to re-
produce the amplitude A3/2 for the D13 resonance at the photon point [11, 12].
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The photocouplings calculated with these models (and with other models as
well) follow qualitatively the behaviour of the experimental data [13]: there is
however generally an underestimate of the observed strength. The similarity of
the results is due to the fact that the models have basically the same under-
lying spin-isospin symmetry. As for the transition form factors, the results for
to negative parity resonances [14] show that the helicity amplitudes calculated
with the h.o. potential have a Q2 behaviour completely different from data.
The models B) and C) reproduce the experimental data for medium-high Q2,
showing that the hypercoulomb interactions apparently leads to more realistic
three quark wavefunctions. At low Q2 there is often a lack of strength, in agree-
ment to what happens at the photon point, specially in the case of the A3/2
amplitudes. This discrepancy indicates that some mechanism, important at low
Q2, is missing, such as the quark-antiquark pair production [3, 15]. In some
cases, the missing strength is less evident, as for the S11 resonances. In Fig. 1
we show the helicity amplitude calculated with the hypercentral model [14] for
the S11(1535) state in comparison with the model of ref. [16] and the data. It
should be reminded that the curve has been published three years earlier than
the recent Jlab data [18]. Also the amplitude for the S11(1650) state is well
reproduced [14] and this is a sensible test of SU(6) violation, since in absence
of any configuration mixing the amplitude should be exactly zero. All these
results are only slightly modified by the introduction of relativistic corrections
[19].
0
20
40
60
80
100
120
140
160
0 0.5 1 1.5 2 2.5 3 3.5 4
A 1
/2
 (1
0-
3  G
eV
-1
/2
)
Q2 (GeV2)
Capstick and Keister (Rel)
Old data
Armstrong et. al.
CLAS published
New CLAS data
Aiello, Giannini, Santopinto
Figure 1: The helicity amplitude for the S11(1535) state, calculated with the
hypercentral CQM [14], in comparison with the model of ref. [16] and with
data, including the recent Jlab ones. (Data from a compilation by [17].)
3 The nucleon elastic form factors
The hypercentral CQM has been used also for the calculation of the elastic
nucleon form factors. To this end some relativistic corrections have been in-
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Figure 2: The ratio R = µp GE/GM calculated with the hCQM, taking into
account the relativistic kinematical corrections (full line, ref. [21]). The hor-
izontal full line represents the ratio for CQM without relativistic corrections.
The dashed curve is the fit of ref. [24], the dot-dashed curve is the dispersion
relation fit of ref. [25]. The points are the data of the recent Jlab experiment
Ref. [23]
troduced, boosting the initial and final state to a common Breit frame and
expanding the quark current at the lowest order in the quark momentum [20].
In this way it has been possible to show, for the first time in the framework
of quark models [21], that the ratio R between the electric and magnetic form
factors of the proton deviates from the standard dipole value (' 1) because of
relativistic effects (see Fig. 2). This behaviour is in agreement with the recent
Jlab data [22].
The relativistic corrections to the hCQM have been further improved by
introducing the correct relativistic kinetic energy and using a fully relativistic
quark current. Introducing quark small form factors corresponding, the calcu-
lated nucleon elastic form factors describe the data very well up to 4GeV 2 and
the ratio R reaches a value of about 0.6, in better agreement with the new Jlab
data [23].
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